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1. Introduction
The theory of fuzzymeasures and fuzzy integrals was introduced by Sugeno [1] as a tool for modelling non-deterministic
problems.
The properties and applications of the Sugeno integral have been studied by many authors—among others, Ralescu and
Adams [2] in the study of several equivalent definitions of fuzzy integrals, Román-Flores et al. [3,4] in considering level-
continuity of fuzzy integrals and H-continuity of fuzzy measures, and Wang and Klir [5] in a general overview on fuzzy
measurement and fuzzy integration theory.
Recently, some authors [6–12] have studied some fuzzy integral inequalities. The purpose of this paper is to prove a
Carlson type inequality for the Sugeno integral.
Firstly, we introduce some basic notation and properties of the fuzzy integral.
Suppose that Σ is a σ -algebra of subsets of X and let µ : Σ → [0,∞] be a nonnegative, extended real-valued set
function. We say that µ is a fuzzy measure if it satisfies:
(1) µ(∅) = 0;
(2) E, F ∈ Σ and E ⊂ F imply µ(E) ≤ µ(F) (monotonicity);
(3) {En} ⊂ Σ , E1 ⊂ E2 ⊂ · · · imply limn→∞ µ(En) = µ
(∪∞n=1 En) (continuity from below);
(4) {En} ⊂ Σ , E1 ⊃ E2 ⊃ · · ·, µ(E1) <∞, imply limn→∞ µ(En) = µ
(∩∞n=1 En) (continuity from above).
If f is a nonnegative real-valued function defined on X , we will denote by Lα f = {x ∈ X : f (x) ≥ α} = {f ≥ α} the
α-level of f for α > 0, and L0f = {x ∈ R : f (x) > 0} = supp f is the support of f . Note that if α ≤ β then {f ≥ β} ⊂ {f ≥ α}.
Let (X,Σ, µ) be a fuzzy measure space; by F µ(X) we denote the set of all nonnegative µ-measurable functions with
respect toΣ .
Definition 1 ([1]). Let (X,Σ, µ) be a fuzzy measure space, with f ∈ F µ(X) and A ∈ Σ; then the Sugeno integral (or fuzzy
integral) of f on Awith respect to the fuzzy measure µ is defined by
−
∫
A
f dµ =
∨
α≥0
[α ∧ µ(A ∩ {f ≥ α})],
where ∨ and ∧ denote the operations sup and inf on [0,∞), respectively.
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It is well known that the Sugeno integral is a type of nonlinear integral, i.e., for general cases,
−
∫
(af + bg)dµ = a−
∫
f dµ+ b−
∫
gdµ
does not hold.
The following properties of the fuzzy integral are well known and can be found in [5].
Proposition 1. Let (X,Σ, µ) be a fuzzy measure space, with A, B ∈ Σ and f , g ∈ F µ(X); then:
(1) −
∫
A f dµ ≤ µ(A).
(2) −
∫
A kdµ = k ∧ µ(A), for k a nonnegative constant.
(3) If f ≤ g on A then −∫A f dµ ≤ −∫A gdµ.
(4) If A ⊂ B then −∫A f dµ ≤ −∫B gdµ.
(5) µ(A ∩ {f ≥ α}) ≥ α ⇒ −∫A f dµ ≥ α.
(6) µ(A ∩ {f ≥ α}) ≤ α ⇒ −∫A f dµ ≤ α.
(7) −
∫
A f dµ < α ⇔ there exists γ < α such that µ(A ∩ {f ≥ γ }) < α.
(8) −
∫
A f dµ > α ⇔ there exists γ > α such that µ(A ∩ {f ≥ γ }) > α.
Remark 1. Let F be the distribution function associated with f on A, that is, F(α) = µ(A ∩ {f ≥ α}). By (5) and (6) of
Proposition 1,
F(α) = α ⇒ −
∫
A
f dµ = α.
Thus, from a numerical point of view, the Sugeno integral can be calculated by solving the equation F(α) = α.
2. A Carlson type inequality for Sugeno integrals
Fritz Carlson’s inequality states [13] that
∞∑
n=1
an <
√
pi
( ∞∑
n=1
a2n
) 1
4
·
( ∞∑
n=1
n2a2n
) 1
4
holds for any positive sequence (an)∞n=1 where not all an are 0.
The corresponding integral inequality appears in [13,14] and it can be written as∫ ∞
0
f (x)dx ≤ √pi
(∫ ∞
0
f 2(x)dx
) 1
4 ·
(∫ ∞
0
x2f 2(x)dx
) 1
4
.
Unfortunately, the following example proves that in general, the Carlson’s integral inequality is not valid in the fuzzy context.
Example 1. Consider X = [0,∞) and let µ be the usual Lebesgue measure on X . If we take the function f defined by
f (x) =

0 if x = 0
1
104x
if 0 < x ≤ 1
0 if 1 < x
then straightforward calculus shows that −
∫∞
0 f (x)dµ(x) = 1100 ; −
∫∞
0 f
2(x)dµ(x) = 13√
108
; −
∫∞
0 x
2f 2(x)dµ(x) = 1
108
and
√
pi ·
(
1
3√
108
) 1
4 ·
(
1
108
) 1
4 ≈ 0′004 < 0′01.
The following result presents a fuzzy version of Carlson’s inequality.
Theorem 1 (Fuzzy Carlson’s Inequality). Let f : [0, 1] → [0,∞) be a nondecreasing function and µ the Lebesgue measure on
R. Then
−
∫ 1
0
f (x)dµ(x) ≤ √2
(
−
∫ 1
0
x2f 2(x)dµ(x)
) 1
4
·
(
−
∫ 1
0
f 2(x)dµ(x)
) 1
4
.
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In order to prove Theorem 1 we need some lemmas. The following lemma appears in [12, Lemma 1], but we present a
different proof.
Lemma 1. Let f : [0, 1] → [0,∞) be a µ-measurable function with µ the Lebesgue measure and s ≥ 1. Then
−
∫ 1
0
f s(x)dµ(x) ≥
(
−
∫ 1
0
f (x)dµ(x)
)s
.
Proof. If −
∫ 1
0 f (x)dµ(x) = 0 then the inequality is obvious.
Now, choose α such that −
∫ 1
0 f (x)dµ(x) > α > 0. Then by (8) of Proposition 1, there exists γ > α such that µ ([0, 1]∩{f ≥ γ }) > α.
As {f ≥ γ } = {f s ≥ γ s} and, by (1) of Proposition 1, 0 < α < −∫ 10 f (x)dµ(x) ≤ 1, we have
µ
([0, 1] ∩ {f s ≥ γ s}) = µ ([0, 1] ∩ {f ≥ γ }) > α > αs,
and, as γ s > αs, by applying (8) of Proposition 1 again, we get
−
∫ 1
0
f s(x)dµ(x) > αs.
Since the value α is such that −
∫ 1
0 f (x)dµ(x) > α > 0 and arbitrary, in particular, if we take αn = −
∫ 1
0 f (x)dµ(x) − 1n , where
n ≥ n0 for certain n0 ∈ N, we have
−
∫ 1
0
f s(x)dµ(x) >
(
−
∫ 1
0
f (x)dµ(x)− 1
n
)s
for n ≥ n0. Taking the limit when n→∞we obtain the desired inequality. 
The following corollary of Lemma 1 will be used later.
Corollary 1. Let f : [0, 1] → [0,∞) be a µ-measurable function where µ is the Lebesgue measure. Then(
−
∫ 1
0
xf (x)dµ(x)
)2
·
(
−
∫ 1
0
f (x)dµ(x)
)2
≤
(
−
∫ 1
0
x2f 2(x)dµ(x)
)
·
(
−
∫ 1
0
f 2(x)dµ(x)
)
. (1)
Proof. Lemma 1 gives us the following inequalities:(
−
∫ 1
0
xf (x)dµ(x)
)2
≤ −
∫ 1
0
x2f 2(x)dµ(x)(
−
∫ 1
0
f (x)dµ(x)
)2
≤ −
∫ 1
0
f 2(x)dµ(x).
Multiplying these inequalities we get the desired result. 
Remark 2. The following example proves that the inequality of Corollary 1 is sharp.
Let
f (x) =
{
0, x = 0
1
x
, x ∈ (0, 1].
Then straightforward calculus shows that −
∫ 1
0 f (x)dµ(x) = 1; −
∫ 1
0 xf (x)dµ(x) = 1; −
∫ 1
0 x
2f 2(x)dµ(x) = 1; −∫ 10 f 2(x)dµ(x) = 1
and, therefore, inequality (1) is sharp.
Now, we recall the following inequality which is the fuzzy version of Chebyshev’s inequality and appears in [8].
Theorem 2 (Fuzzy Chebyshev’s Inequality). Suppose that f , g are two real-valued functions from [0, 1] to [0,∞) and that µ is
the Lebesgue measure. If f and g are nondecreasing functions then the inequality
−
∫ 1
0
f · gdµ ≥
(
−
∫ 1
0
f dµ
)
·
(
−
∫ 1
0
gdµ
)
holds true.
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In the sequel we will prove Theorem 1.
Proof of Theorem 1. Corollary 1 gives us(
−
∫ 1
0
xf (x)dµ(x)
)2
·
(
−
∫ 1
0
f (x)dµ(x)
)2
≤
(
−
∫ 1
0
x2f 2(x)dµ(x)
)
·
(
−
∫ 1
0
f 2(x)dµ(x)
)
. (2)
By Theorem 2
−
∫ 1
0
xf (x)dµ(x) ≥
(
−
∫ 1
0
xdµ(x)
)
·
(
−
∫ 1
0
f (x)dµ(x)
)
. (3)
Straightforward calculus shows that
−
∫ 1
0
xdµ(x) = 1
2
. (4)
Replacing (4) in the inequality (3) we have
−
∫ 1
0
xf (x)dµ(x) ≥ 1
2
−
∫ 1
0
f (x)dµ(x). (5)
Thus, by (2) and (5) we obtain
1
4
(
−
∫ 1
0
f (x)dµ(x)
)4
= 1
4
(
−
∫ 1
0
f (x)dµ(x)
)2
·
(
−
∫ 1
0
f (x)dµ(x)
)2
≤
(
−
∫ 1
0
xf (x)dµ(x)
)2
·
(
−
∫ 1
0
f (x)dµ(x)
)2
≤
(
−
∫ 1
0
x2f 2(x)dµ(x)
)
·
(
−
∫ 1
0
f 2(x)dµ(x)
)
.
This inequality gives us
−
∫ 1
0
f (x)dµ(x) ≤ 4√4 ·
(
−
∫ 1
0
x2f 2(x)dµ(x)
) 1
4
·
(
−
∫ 1
0
f 2(x)dµ(x)
) 1
4
= √2
(
−
∫ 1
0
x2f 2(x)dµ(x)
) 1
4
·
(
−
∫ 1
0
f 2(x)dµ(x)
) 1
4
.
This completes the proof. 
Finally, we present an example which proves that the fuzzy Carlson inequality is not valid for arbitrary functions.
Example 2. Let f (x) =
{
0, x = 0
1
10x
, x ∈ (0, 1] . Then it can be proved that −
∫ 1
0 f (x)dµ(x) = 1√10 ; −
∫ 1
0 x
2f 2(x)dµ(x) = 1100 ;
−
∫ 1
0 f
2(x)dµ(x) = 13√100 and
√
2 ·
(
−
∫ 1
0
x2f 2(x)dµ(x)
) 1
4
·
(
−
∫ 1
0
f 2(x)dµ(x)
) 1
4
= √2 · 1√
10
·
(
1
3√100
) 1
4
< 0′9635 · 1√
10
<
1√
10
= −
∫ 1
0
f (x)dµ(x).
This proves that the inequality of Theorem 1 does not hold for arbitrary functions.
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